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The full chracterazation of the graphs with a
L-eigenvalue of multiplicity n − 3 ∗
Daijun Yin, Qiongxiang Huang†
College of Mathematics and Systems Science, Xinjiang University, Urumqi, Xinjiang 830046, P.R. China
Abstract LetG(n, k) be the set of connected graphs of order n with one of the Laplacian
eigenvalue having multiplicity k. It is well known that G(n, n − 1) = {Kn}. The graphs of
G(n, n−2) are determined by Das, and the graphs ofG(n, n−3) with four distinct Laplacian
eigenvalues are determined byMohammadian et al. In this paper, we determine the graphs
of G(n, n − 3) with three distinct Laplacian eigenvalues, and then the full characterization
of the graphs in G(n, n − 3) is completed.
Keywords: Laplacian eigenvalue; multiplicity; Laplacian spectrum determined.
1 Introduction
Let G be a undirected simple graph on n vertices with vertex set V = {v1, v2, . . . , vn}.
The adjacency matrix of G is an n × n matrix A(G) whose (i, j)-entry is 1 if vi is adjacent
to v j and is 0 otherwise. The degree of vi, denoted by di, is the number of edges that
incident to vi. The matrix L(G) = D(G) − A(G) is called the Laplacian matrix of G,
where D(G) is the n × n diagonal matrix whose (i, i)-entry is di. The eigenvalues of
L(G) are called Laplacian eigenvalues of G( short for L-eigenvalues ). Since L(G) is a
positive semidefinite matrix, the L-eigenvalues of G are non-negative and the smallest
eigenvalue equals zero. All the L-eigenvalues together with their multiplicities are called
the Laplacian spectrum of G ( short for L-spectrum ), denoted by SpecL(G). A graph G is
called DLS if H  G for any graph H with SpecL(H) = SpecL(G). Throughout this paper,
we denote the multiplicity of L-eigenvalue µ by m(µ), and the diameter of G by d(G).
Since the connected graph with a few of distinct eigenvalues possess nice combina-
torial properties, it arouses a lot of interests for several matrices, such as the adjacency
matrix [8–11], the Laplacian matrix [5–7], the signless Laplacian matrix [13] and normal-
ized Laplacian matrix [12]. We denote by G(n, k) the set of connected graphs of order n
with one of the L-eigenvalue having multiplicity k. It is well known thatG(n, n−1) = {Kn}.
Das [4] proved that G(n, n − 2) = {K n
2
, n
2
, K1,n−1, Kn − e}, and Mohammadian and Tayfeh-
Rezaie [6] gave a partial characterization for the graphs of G(n, n− 3). Motivated by their
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2work, we will complete the characterization of the remaining graphs in G(n, n − 3). By
the way, we show that all these graphs of G(n, n − 3) are DLS.
2 Preliminaries
The following result is given by Godsil.
Theorem 2.1 ( [1]). Let Q =
(
Im | O
)T
be a n × m matrix, and let A be a n × n real
symmetric matrix with eigenvalues λ1 ≥ λ2 ≥ · · · ≥ λn. If the eigenvalues of B = QT AQ
are µ1 ≥ µ2 ≥ · · · ≥ µm, then λi ≥ µi ≥ λn−m+i (i = 1, · · · ,m). Furthermore, if µi = λi for
some i ∈ [1,m], then M has a µi-eigenvector z such that Qz is a λi-eigenvector of A.
There are many pretty properties about Laplacian eigenvalues.
Lemma 2.1 ( [2]). Let G be a graph on n vertices with Laplacian eigenvalues µ1 ≥ µ2 ≥
· · · ≥ µn−1 ≥ µn = 0. Then we have the following results.
(i) Denote by m(0) the multiplicity of 0 as a Laplacian eigenvalue and w(G) the number
of connected components of G. Then w(G) = m(0).
(ii) G has exactly two distinct Laplacian eigenvalues if and only if G is a union of some
complete graphs of the same order and some isolate vertices.
(iii) The Laplacian eigenvalues of G¯ are given by µi(G¯) = n − µn−i for i = 1, 2, . . . , n − 1
and µn(G¯) = 0.
(iv) Let H be a graph on m vertices with Laplacian eigenvalues µ′1 ≥ µ′2 ≥ · · · ≥ µ′m = 0,
then the Laplacian spectrum of G∇H is
{n + m,m + µ1,m + µ2, . . . ,m + µn−1, n + µ′1, n + µ′2, . . . , n + µ′m−1, 0}.
It is well-known that
Lemma 2.2 ( [2]). Let G be a connected graph on n ≥ 3 vertices with s distinct Laplacian
eigenvalues. Then d(G) ≤ s − 1.
A graph G is said to be a cograph if it contains no induced P4. There’s a pretty result
about cographs.
Lemma 2.3 ( [3]). Given a graph G, the following statements are equivalent:
1) G is a cograph.
2) The complement of any connected subgraph of G with at least two vertices is discon-
nected.
3) Every connected induced subgraph of G has diameter less than or equal to 2.
3 Characterization of G(n, n − 3)
Recall that G(n, k) is the set of connected graphs with m(µ) = k for some L-eigenvalue
µ. If k = n−1, then G has exactly two distinct L-eigenvalues, and so G(n, n−1) = {Kn} by
Lemma 2.1 (ii). If k = n − 2, then G has exactly three distinct L-eigenvalues, and Das [4]
proved that G(n, n − 2) = {K n
2
, n
2
, K1,n−1, Kn − e}. For a graph G ∈ G(n, n − 3), we see that
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Fig. 1: The graph Gn,r.
G has three or four distinct L-eigenvalues. In terms of the number and multiplicity of
Laplacian eigenvalues, we can divide G(n, n − 3) into five classes:

G1(n, n − 3) = {G ∈ G(n, n − 3)|SpecL(G) = [(α)n−3, (β)2, 0]}
G2(n, n − 3) = {G ∈ G(n, n − 3)|SpecL(G) = [(α)2, (β)n−3, 0]}
G3(n, n − 3) = {G ∈ G(n, n − 3)|SpecL(G) = [(α)n−3, β, γ, 0]}
G4(n, n − 3) = {G ∈ G(n, n − 3)|SpecL(G) = [α, (β)n−3, γ, 0]}
G5(n, n − 3) = {G ∈ G(n, n − 3)|SpecL(G) = [α, β, (γ)n−3, 0]}
Mohammadian and Tayfeh-Rezaie [6] determine the classes of graphs in G3(n, n − 3),
G4(n, n − 3) and G5(n, n − 3), all of which we collect in the following theorem.
Theorem 3.1 ( [6], Theorem 8,9,10). For an integer n ≥ 5, we have
(i) G3(n, n − 3) = {Kn−3∇K1,2} and the Laplacian spectra of it is
SpecL(Kn−3∇K1,2) = {[n]n−3, [n − 1]1, [n − 3]1, [0]1}. (1)
(ii) G4(n, n − 3) = {K1∇2K n−1
2
, K n
3
∇2K n
3
, Kn−1 + e,Gn,r} where Gn,r is obtained from two
copies of Kr∇(n − r)K1 by joining the vertices of two independent sets (n − r)K1 (shown
in Fig. 1). Furthermore, the Laplacian spectra of them are given by
SpecL(K1∇2K n−1
2
) = {[n]1, [n+1
2
]n−3, [1]1, [0]1}
SpecL(K n3∇2K n3 ) = {[n]1, [2n3 ]n−3, [n3]1, [0]1}
SpecL(Kn−1 + e) = {[n]1, [n − 1]n−3, [1]1, [0]1}
SpecL(Gn,r) = {[12(3n − 2r ±
√
n2 + 4nr − 4r2)]1, [n]2n−3, [0]1}
. (2)
(iii) G5(n, n−3) = {K2,n−2, K n
2
, n
2
+e, K1,n−1+e} and the Laplacian spectra of them are given
by

SpecL(K2,n−2) = {[n]1, [n − 2]1, [2]n−3, [0]1}
SpecL(K n2 ,
n
2
+ e) = {[n]1, [n
2
+ 2]1, [n
2
]n−3, [0]1}
SpecL(K1,n−1 + e) = {[n]1, [3]1, [1]n−3, [0]1}
. (3)
For the complete characterization of G(n, n− 3), it remains to determine the graphs of
G1(n, n − 3) and G2(n, n − 3). At first, we introduce a tool which will be used frequently.
Lemma 3.1. Let A be a real symmetric matrix of order n ≥ 6 having an eigenvalue α , 0
with m(α) = n − m, where 1 ≤ m ≤ n − 2. Let M be a principal submatrix of A of order
m + 2. Then α is also an eigenvalue of M with m(α) ≥ 2, and there exists eigenvector
z = (z1, z2, . . . , zm+2)
T of M with respect to α such that zk = 0 for 1 ≤ k ≤ m + 2.
Furthermore,
∑m+2
i=1 zi = 0 if A = L(G) for a graph G.
4Proof. Let λ1 ≥ λ2 ≥ · · · ≥ λn be the eigenvalues of A and µ1 ≥ µ2 ≥ · · · ≥ µm+2
the eigenvalues of M. By our assumption, there exists some 1 ≤ i ≤ n such that λi =
· · · = λi+n−m−1 = α , 0. By Theorem 2.1, we get that α = λi+n−m−2 ≤ µi ≤ λi = α
and α = λi+n−m−1 ≤ µi+1 ≤ λi+1 = α. Therefore, we have µi = µi+1 = α. Suppose that
x = (x1, . . . , xm+2)
T and y = (y1, . . . , ym+2)
T are two independent eigenvectors of M with
respect to α. For each fixed integer 1 ≤ k ≤ m + 2, by linear combination of x and y, we
get the eigenvector z = (z1, . . . , zm+2)
T satisfying zk = 0. Furthermore, by Theorem 2.1,
we know that z∗ = Qz is an eigenvector of A with respect to α, where Q =
(
Im+2 | O
)T
.
Note that the all-ones vector j is an eigenvector of L(G) with respect to 0, then we have
z∗T j = ∑m+2i=1 zi = 0. 
Lemma 3.2. Let G be a connected graph on n ≥ 2m vertices with m(α) = n−m, where α
is a L-eigenvalue of G. Then α is integral.
Proof. Let f (x) be the characteristic polynomial of L(G). As L(G) only contains integral
entries, we obtain that f (x) is a monic polynomial with integral coefficients. Let p(x) be
the minimal polynomial of α, then p(x) ∈ Z[x] is irreducible in Q[x] and (p(x))n−m | f (x).
We assume that p(x) is a polynomial of degree at least 2. Therefore, p(x) has another root
β , 0, which is also a Laplacian eigenvalue of G with multiplicity n − m. It follows that
2(n − m) ≤ n − 1, which implies n ≤ 2m − 1, a contradiction. Thus, we have p(x) = x − α
and the result follows. 
Lemma 3.3. Let G ∈ G(n, n − 3) with n ≥ 6, then none of J1(= C5), J2 or J3 (shown in
Fig. 2) can be an induced subgraph of G.
Proof. By way of contradiction. Suppose that G has Ji as an induced subgraph and Ni
the principal submatrix of L(G) corresponding to Ji, for i = 1, 2, 3. Let α be the Laplacian
eigenvalue of G with multiplicity n − 3. Then, by Lemma 3.1, α is an eigenvalue of Ni
with m(α) ≥ 2, and there exists an eigenvector z of Ni with respect to α such that zk = 0
for k ∈ {1, · · · , 5}, and ∑5i=1 zi = 0.
First, suppose that J1 = C5 is an induced subgraph of G and N1 is given by
N1 =

d1 −1 0 0 −1
−1 d2 −1 0 0
0 −1 d3 −1 0
0 0 −1 d4 −1
−1 0 0 −1 d5

v1
v2
v3
v4
u
.
By Lemma 3.1, there exists an eigenvector x = (0, x2, x3, x4, x5)
T satisfying x2 + x3 + x4 +
x5 = 0 such that N1x = αx. From the first entry of N1x = αx, we have x2 + x5 = 0.
Therefore, we have x3 + x4 = 0. If one of x2 and x5 equals zero, then x2 = x5 = 0.
Considering the second entry of both sides of N1x = αx, we get that x3 = 0, and so
x4 = 0. It leads to that x = 0, a contradiction. If one of x3 and x4 equals zero, then
x3 = x4 = 0, consider the third entry of both sides of N1x = αx and we get that x2 = 0,
and so x5 = 0. It leads to that x = 0, a contradiction. Thus x2, x3, x4, x5 , 0. Without loss
of generality, we may assume that x = (0, 1, a,−a,−1)T . Consider the fourth and the fifth
entries of both sides of N1x = αx, we have
d5 − a = α = d4 + 1 −
1
a
.
5Since m(α) = n − 3 and n ≥ 6, we get that α is integral by Lemma 3.2. Then a and
1
a
are both integral. Thus, we have a = ±1, and so α = d5 − 1 = d4 when a = 1 or
α = d5 + 1 = d4 + 2 when a = −1. It follows that
d4 = d5 − 1. (4)
On the other hand, by Lemma3.1, there also exists an eigenvector y = (y1, 0, y3, y4, y5)
T
satisfying y1 + y3 + y4 + y5 = 0 such that N1y = αy. From the second entry of N1y = αy,
we have y1 + y3 = 0. Therefore, we have y4 + y5 = 0. If one of y1 and y3 equals zero, then
y1 = y3 = 0. Consider the first entry of both sides of N1y = αy, we get that y5 = 0, and
then y4 = 0. It leads to that y = 0, a contradiction. If one of y4 and y5 equals zero, then
y4 = y5 = 0. Consider the fourth entry of both sides of N1y = αy, we get that y3 = 0, and
then y1 = 0. It leads to that y = 0, a contradiction. Thus, y1, y3, y4, y5 , 0. Without loss
of generality, we may assume that y = (b, 0,−b, 1,−1)T . Consider the fourth and the fifth
entries of both sides of N1y = αy, we have
d4 + b + 1 = α = d5 + b + 1.
It follows that d4 = d5, which contradicts to (4).
Second, assume that J2 is an induced subgraph of G and N2 is given by
N2 =

d1 −1 0 0 −1
−1 d2 −1 0 −1
0 −1 d3 −1 0
0 0 −1 d4 −1
−1 −1 0 −1 d5

v1
v2
v3
v4
u
.
By Lemma 3.1, there exists an eigenvector x = (x1, x2, x3, x4, 0)
T satisfying x1 + x2 + x3 +
x4 = 0 such that N2x = αx. From the fifth entry of N2x = αx, we have x1 + x2 + x4 = 0,
which implies that x3 = 0. Then from the third entry of N2x = αx, we get x2 + x4 = 0,
which implies that x1 = 0, and then from the first entry we have x2 = 0. Thus, x4 = 0 and
hence x = 0, a contradiction.
Finally, assume that J3 is an induced subgraph of G and N3 is given by
N3 =

d1 −1 0 0 −1
−1 d2 −1 0 −1
0 −1 d3 −1 −1
0 0 −1 d4 −1
−1 −1 −1 −1 d5

v1
v2
v3
v4
u
.
By Lemma 3.1, there exists an eigenvector x = (x1, x2, 0, x4, x5)
T satisfying x1 + x2 + x4 +
x5 = 0 such that N3x = αx. Consider the third, the first and the fourth entries of both sides
of N3x = αx succesively, we get that x = 0, a contradiction. 
Lemma 3.4. Let G ∈ G(n, n − 3) with n ≥ 6. If G , Gn,r (shown in Fig. 1), then G¯ is
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Fig. 2: The graphs in Lemma 3.3
Proof. By Lemma 2.3, it suffices to show that G contains no induced P4. Assume by
contradiction that G contains an induced P4 = v1v2v3v4. If G has three distinct Laplacian
eigenvalues, then d(G) = 2 by Lemma 2.2. Therefore, there exists a vertex u ∈ V(G) such
that u ∼ v1, v4, since otherwise d(v1, v4) ≥ 3. It follows that at least one of J1, J2 and J3
will be an induced subgraph of G, which contradicts to Lemma 3.3. If G has four distinct
Laplacian eigenvalues, then G ∈ {K1∇2K n−1
2
, K n
3
∇2K n
3
, Kn−1 + e,Gn,r} by Theorem 3.1(ii),
from which we find that all graphs but Gn,r have their complements disconnected. 
We now give the characterization of the graphs in G1(n, n − 3) and G2(n, n − 3).
Theorem 3.2. For an integer n ≥ 6, we have
(i) G1(n, n − 3) = {3K1∇Kn−3,C4∇Kn−4} and the Laplacian spectra of them are given by{
SpecL(3K1∇Kn−3) = {[n]n−3, [n − 3]2, [0]1}
SpecL(C4∇Kn−4) = {[n]n−3, [n − 2]2, [0]1}
. (5)
(ii) G2(n, n − 3) = {K2∇(n − 2)K1, K1∇K n−1
2
, n−1
2
, K n
3
, n
3
, n
3
} and the Laplacian spectra of them
are given by

SpecL(K2∇(n − 2)K1) = {[n]2, [2]n−3, [0]1}
SpecL(K1∇K n−12 , n−12 ) = {[n]
2, [n+1
2
]n−3, [0]1}
SpecL(K n3 ,
n
3
, n
3
) = {[n]2, [2n
3
]n−3, [0]1}
(6)
Proof. LetG ∈ G1(n, n−3)∪G2(n, n−3). ThenG has three distinct Laplacian eigenvalues,
say α > β > 0, and so G , Gn,r. By Lemma 3.4, we know that G¯ is disconnected, and so
α = n from Lemma 2.1 (i) and (iii).
First suppose that α = n has multiplicity n − 3, and so G has Laplacian spectrum
{nn−3, β2, 0}. Then, by Lemma 2.1, the L-spectrum of G¯ is given by
SpecL(G¯) = {[n − β]2, [0]n−2},
which implies that G¯ has n − 2 connected components, say G¯ = G1 ∪ G2 ∪ · · · ∪ Gn−2. It
is easy to see that G¯ = K3 ∪ (n − 3)K1 or 2K2 ∪ (n − 4)K1. Consequently, G = 3K1∇Kn−3
or G = C4∇Kn−4. Thus (i) holds.
Next suppose that β has multiplicity n−3, and so G has Laplacian spectra {n2, βn−3, 0}.
Similarly, by Lemma 2.1, we have
S pecL(G¯) = {[n − β]n−3, [0]3},
7which implies that G¯ contains three connected components, say G¯ = G1 ∪ G2 ∪ G3. It
is routine to verify that G¯ = 2K1 ∪ Kn−2, K1 ∪ 2K n−1
2
or 3K n
3
. Hence G = K2∇(n − 2)K1,
K1∇K n−1
2
, n−1
2
or K n
3
, n
3
, n
3
. Thus (ii) holds.
Note that all of the graphs we find consist of the join of two graphs, by Lemma 2.1
(iv), we obtain their Laplacian spectra, which are shown in (5) and (6). 
Remark 1. By using the software SageMath, we get the graphs of G(n, n − 3) with n = 4
and n = 5. That is,
{ G(4, 1) = {P4, K1,3 + e}
G(5, 2) = {C5, K1∇C4, K2∇3K1}
Corollary 3.1. Let G ∈ G(n, n − 3) with n ≥ 4, then G is determined by its Laplacian
spectrum.
Proof. Let H be a connected graph on n vertices with SpecL(H) = SpecL(G). We get that
H ∈ G(n, n − 3). Then the result follows by pairwise comparing the Laplacian spectra of
graphs in G(n, n − 3). 
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